AD-A172 899 THE ANALYTIC STRUCTURES OF DYNANICAL SVSTEIS(U)
CALIFORNIA UNIY SAN DIEGO LA JGLLR !NST FOR PURE AND
APPLIED PHYSICAL SCIENCES J H

UNCLASSIFIED AFOSR-TR-86-0915 AFOSR-84-0128 F/G 1271




o 4% off o
23138l
- g

EEE

ki EEFFEEITE

2l =l

—

I
I

s e

125

I

S ACY




‘:.v‘{i R, N L AR, i SIS L R Ok kR .
e UNCLASSIFIED AD-A172 899

SECURITY CLASSIFICATION OF THi§ PAG!

7
L NS N

N A

(A

REPORT DOCUMENTATION PAGE

X
.‘
‘s REPORT SECLRITY CLASSIFICATION 10. RESTRICTIVE MARKINGS :\j
ot
28 SECUR'™ CLASSIFICATION AUTHORITY 3 DISTRIBUTION/AVAILABILITY OF REPORT ..\j
o~
Approved ro public release; distribution _i
26 DECLASS F.CATION DOWNGRADING SCHEDULE unlimited v
4 PEQAESRAMING DRGANIZATION REPORT NUMBER S 5 MONITORING ORGANIZATION REPORT NUMBER!S,
AFOSR-TR- 86-0Y15
6s NAME OF PERFORMING ORGANIZATION b. OFFICE SYMBOL |7s. NAME OF MONITORING ORGANIZATION
University of California, 1t applicabie A ‘:OSR
San Diego,
6c. ADORESS (City. State and ZIP Code ., 7b. ADDRESS (City, State and ZIP Code)
Inst. for Pure & Applied Physical Sciences, B-JZ

San Diego, CA 92093 ’ SQ'Y\\O % % q

8s. NAME OF FUNDING/SPONSORING 8c. OFFICE SYMBOL ]9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (1f epplicable)

AFOSR NM AFOSR-84-0128

8c. ADDRESS (City. State and 2IP Code) 10. SOURCE OF FUNDING NOS.

Bolling AFb, DC 20332-6448 PROGRAM PROJECT TasK WORK UNIT
ELEMENT NO. NO. NO. NO.
61102F 2304 A4

11. YU{TLE rInclude Security Classification)

he Analytic Structures of Dvpamica ems"

12. PERSONAL AUTHOR(S}

Professor John We
13a TYPE OF REPORT 13b. TIME COVERED 18. DATE OF REPORT (Yr., Mo., Day) 15. PAGE COUNT

. 1 E€E/ROM 851001 TO 860331 ]2

16. SUPPLEMENTARY NOTATION

17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by dlock numbder;
FIELD GROULP SUB. GR.

19. ABSTRACT /Continue on reverse if necessary and identify by dlock number)

N v -

' A Bicklund tranformation and tinearization for an instance of the Henon~Heiles system is examined. This provides a
special form of solution depending on the three parameters. In addition, s direct formulation in terms of the schwarzian de-
rivative is defined for the Henon—HeﬂQs system and second Painlevé transcendent. This provides (1) s classification of the
Hénon—~Heiles system as equations of “No\nkov type. and: (2) a simple method for deriving the Bicklund transformations and
special solutions of the second Painievé transcendent. As equations of Novikov type the integrable occurrences of the Hénon,—
Heiles system can be compietely integrated by known methods. ’

t . AT
oy FILE COPY R
R A ¢ 330
. q 1 A 0 \ﬁ&
20. DISTRIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION . -}
uncLassiFieo/UNLIMmiTED Bt same as rer. O poTic usens O f’} E
22s. NAME OF RESPONSIBLE INDIVIDUAL 22b TELEPHONE NUMBER 22c. OFFICE SYMBOL
{Inciude Area Code)
ARJE NACHMAN (202) 767-5027 AFOSR /NM
DD FORM 1473, 83 APR EDITION OF 1 JAN 731S OBSOLETE. Unclassified

SECURITY CLASSIFICATION OF THIS PAGE




-

AT w Tt g g

AFOSR-TR. 86-uVY1ls§

FINAL REPORT FOR

AIR FORCE GRANT AFOSR-84-0128

"THE ANALYTIC STRUCTURES OF DYNAMICAL

SYSTEMS"
BY
John Weiss .
YO e

Institute for Pure and Applied
Physical Sciences, B-029 TAcaerets map
UCsD R

La Jolla, California 92093

AIR FORCE OFFICE OF SCIENTIFIC RESEARCH (AFSC) “int

NOTICE OF TRANSMITTAL TO DTIC 5 ‘
This technical report has beenrevieved and is I‘ !
saproved for public releasce 1AW AFR 190-12, A: ! ;

M atritution isunlimited.
TTYET J, KETPER
Mie?, Techufeal Information Division

Approved for putlic release;
, distributionunlimited.

e atacae .- P R
~, " L R P g N T Y

..... cp s - e e L e o
“ ,.)‘.l h)'.” o -‘*\ . : 5. ACNY N .‘..« '.\\-n-.!'.nu'._. ..-.-\. \l' _&-\17:;}




POTS T CTEY T Y [ T Y "6 2k a'Bald o'k u'l o8 A e of - Sartat tavia 8g 2 talale’, bat 9al ot

THE ANALYTIC STRUCTURES OF DYNAMICAL

A

K SYSTEMS

This report is on work supported by the AFOSR in the period

from June 1984 to December 1985. During this time we have

- PR s

developed several new methods for "solving" nonlinear ordinary

and partial differential equations. Specific results include:

Pl aph Yo A o o

1) the classification of integrable systems through a "direct
Schwarzian" formulation. 2) the "uniformization" of inte-

grable systems with multiple-valued singularities. The solu-

oPata¥ e a

tions are expressed in uniform (single-valued) variables that
satisfy equations with the "Painlevé property”". 3) the
relationship of integrable systems with or without Bdcklund
transformations to the Painlevé property. 4) the definition
and investigation of the "periodic fixed points"of Backlund
‘ transformations. This leads to a new method for both defining
{ and solving integrable systems.

Previous to June 1984 we have proposed a method of
Bicklund transformation and modified equations for the study
of eguations possessing the Painlevé property [l]. That is,

from the Bidcklund transformation, equations are found that

]

are formulated in terms of the Schwarzian derivative. With

i these "modified" equations there are found Miura transfor-
mations (from modified to "original" equation) which linearize
‘ into the Lax Pair for the original system. To apply this
; method the original equation should both possess the Painlevé
\ property and have a Backlund transformation. However, not
; all integrable systems directly possess the Painlevé property
0
;.\-\ R A e e Ty 0 e e e S Lt
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or have Backlund transformations. We address these points in
the work described herein. =

In references [2] we began the study of ordinary differen- K
tial equations by the Badcklund method. 1In ref. [3] we find e

that the solutions so obtained depend on fewer parameters

“~ %

than the general form of solution. However, by a "direct

)

| AT

Schwarzian" formulation of the system of odes we identify the
equation as instances of "Novikov" systems for which the
general solution can be readily found. This procedure is

applied to the Henon-Heiles system and to the second Painlevé

AR IR M g

transcendent.

In reference [4) the Backlund method is applied to the

°y v P

KP and Hirota-Satsuma systems. For both we find the appro-

By 2y e

priate modified equations and Miura transformations. By lin- =
earizing the (Ricati-type) Miura transformations the Lax

pairs are calculated. Consideration of the several distinct

.....
o8 a v 1

Backlund transformations of the modified equations obtains
a method for the iterative construction of the rational solu-
tions.

In reference [5] we show that the Bullough-Dodd egua-

“p B

tion, which is completely integrable, possesses the Painlevé

property and does not allow a Bdcklund transformation. By a

3, Yy %

direct formulation in terms of the Schwarzian derivative this
equation is shown to be a specialization of the "minus-one"
equation of the Caudrey-Dodd-Gibbon sequence. The "positive"

equations of the CDG sequence are shown to have non-trivial

Bicklund transformations. On the other hand, the Sine-Gordon




equation is found to be the minus-one equation of the Korteweg-

de Vries (KAdV) sequence and to have a Backlund transformation.

Within a certain class of scalar evolution equations the Kd4v
and CDG sequences are shown to be the unique, integrable
equations.

Also, in reference [5] the (completely integrable) Harry

Dym sequence, which does not directly possess the Painlevé

property, is found to have a "uniformization" within the K4v

sequence. Uniformization means a simultaneous representation
of dependent and independent variables by "meromorphic"
(Painlevé) functions of the uniform variables. A connection
with the automorphic functions is examined. Backlund trans-
formations, Lax Pairs and a Hamiltonian formulation are found
for the Harry Dym sequence.

Finally, in reference [6] we present a new method for
studying integrable systems based on the "periodic fixed points"
of Bdcklund transformations. Normally, the BT maps an "old"
solution into a "new" solution and requires a known "seed”
solution to get started. It can also be difficult to quali-
tatively classify the result of applying the BT several times
to a known solution. By studying the periodic fixed points
of the BT (regarded as a nonlinear map in a function space),
we obtain integrable systems of equations of finite degree
(equal to the order of the fixed point), and a method for
the systematic classification of the solutions of the

original system.




The publications produced with AFOSR support during this
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contract period are refs. [3, 4, 5, 6]. The title pages

and abstracts are contained in the Appendix.
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BACKLUND TRANSFORMATION AND THE HENON—~HEILES SYSTEM ¥

John WEISS
Center for Studies of Nonlinear Dynamics, La Jolla Institute
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A Bicklund transformation and linearization for an instance of the Héenon—Heiles system is examined. This provides a

special form of solution depending on the three parameters.

In addition, a direct formulation in terms of the schwarzian de-

rivative is defined for the Hénon—Heiles system and second Painlevé transcendent. This provides (1) a classification of the
Hénon-Heiles system as equations of ““Novikov" type, and; (2) a simple method for deriving the Bicklund transformations and
special solutions of the second Painlevé transcendent. As equations of Novikov type the integrable occurrences of the Hénon—
Heiles system can be completely integrated by known methods.

In ref. [1] Bicklund transformations and the conse-
quent linearizations of the Hénon—Heiles system were
found using the methods of refs. [2,3]. It can be shown
that the solution found by this method is “special” in
that it will depend on three (not four) arbitrary param-
eters. To find the complete solution a direct formulation
in terms of the schwarzian derivative is presented. Herein
we present this result and in addition, show how a “direct™
formulation can provide a different form of Bicklund
transformation. Bicklund transforms are derived for the
second Painlevé transcendent, and it is found that the
three integrable instances of the Hénon—Heiles system
can be transformed into a “canonical” class of “Novikov”
equations [4—6] considered in ref. {3].

We consider the Hénon—Heiles system:

¥=-ax-2axy, V=-BY+c¥2-dx?, ()
with hamiltonian

H=3(X2+72+AX2 4+ BY?) +dX2Y - §cY3 . (2)
This sytems is known to be integrable (7] when:

(i) dle=-1, B=A4,

* Work supported by Department of Energy contract DOE
DE-AC03-81ER 10923 and U.S. Air Grant No. AFOSR 83-
009s.

0.375-9601/84/$ 03.00 ©Elsevier Science Publishers B.V,
(North-Holland Physics Publishing Division)
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(i) dc=-3,
(i) dfe=—i, B=164. 3)

In ref. [1] we found the Bicklund transformations
for cases (ii) and (iii). Case (i) is separable [7]. The BT
of ref. [1] for case (ii) may be “improved” to the extent
that the BT will depend on an additional arbitrary param-
eter. Therefore we first present this resuit. For case (ii),

dlc = _% ’ (4)

the solutions (X, Y) of egs. (1) have (meromorphic) ex-
pansions of the form:

= -1 =022 V.o . 5
X=yp l}g%x,p/, Y=y2 & Vol )

As explained in ref. [1], to define the BT we let
X=X0¢‘1+X| , Y=Y0¢—2+Yl§p_l+),2, (6)
where (p, X, 0 X, Yg, Yy, Y,) are functions of 7.

Their results, after evaluation:
Yo=~vf Y1=¢y,
Y, =& @\ - B -3V -39}Ie}y,
X3=0lV, X;=-3(VIV+e,lo)VV2, ™M

387
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Modified equations, rational solutions, and the Painlevé property for the
Kadomtsev-Petviashvili and Hirota-Satsuma equations

John Weiss

Center for Studies of Nonlinear Dynamics, La Jolla Institute, 8950 Villa La Jolla Drive, Suite 2150, La Jolla,
California 92037 and Institute for Pure and Applied Physical Science,® University of California, San Diego,

La Jolla, California 92093

(Received 31 October 1984; accepted for publication 22 February 1985)

We propose a method for finding the Lax pairs and rational solutions of integrable partial
differential equations. That is, when an equation possesses the Painlevé property, a Bicklund
transformation is defined in terms of an expansion about the singular manifold. This Biacklund
transformation obtains (1) a type of modified equation that is formulated in terms of Schwarzian
derivatives and (2) a Miura transformation from the modified to the original equation. By
linearizing the (Ricati-type) Miura transformation the Lax pair is found. On the other hand,
consideration of the (distinct) Backlund transformations of the modified equations provides a
method for the iterative construction of rational solutions. This also obtains the Lax pairs for the
modified equations. In this paper we apply this method to the Kadomtsev—Petviashvili equation

and the Hirota-Satsuma equations.

I. INTRODUCTION

In Ref. 1 we have formulated a procedure for calculat-
ing the Lax pair and rational solutions of partial differential
equations that possess the Painlevé property. That is, for an
equation with the Painlevé property, a Biacklund transfor-
mation is defined in terms of an expansion about the “'singu-
lar manifold.” This Backlund transformation obtains (1} a
type of “modified equation’ that can be expressed in terms
of Schwarzian derivatives and (2) a Miura transformation
from the modified to the original equation. By linearizing the
Ricati-type Miura transformation (and the modified equa-
tions), the Lax pair is found. Then, further consideration of
the Bicklund transformations for the modified equations
provides a method for the iterative construction of “ration-
al” solutions, and finds the Lax pair for the modified equa-
tions as well.

We recall that the partial differential equation is said to
possess the Painlevé property?~” when the solutions of the
partial differential equation (pde) are “single valued™ about
the movable, singularity manifold and the singularity mani-
fold is “noncharacteristic.” To be precise, if the singularity
manifold is determined by

Plz123.02,) =0, (1.1)

and u = u(z,,...,2, ) is a solution of the pde, then we require
that

u=gp° Zoul¢', (1.2)
,=

where u,#0, @ = @ (2y,...,2,), and u, = 4 (2,,...,2,) are ana-
lytic functions of (z,) in a neighborhood of the manifold (1.1)
and a (the leading-order exponent) is a (negative) rational
number. The requirement that the manifold (1.1) be non-
characteristic {for the pde) insures that the expansion {1.2)
will be well defined, in the sense of the Cauchy-Kovalevs-
kaya theorem.? Substitution of (1.2} into the pde determines
that value(s) of a, and defines the recursion relations for u,

* Permanent address.

2174 J. Math. Phys. 26 (9), September 1985

0022-2488/85/092174-07%02.50

j=0,1,2,.... When the expansion (1.2) is well defined and
contains the maximum number of arbitrary functions al-
lowed at the “resonances,”*%'? the pde is said to possess the
Painlevé property and is conjectured to be integrable. Infor-
mally, the resonances are the values of j for which the u; are
not “fixed” by the recursion relations (i.e., are arbitrary).
The Backlund transformation is defined by truncating
the expansion (1.2) at the constant level term. That is, we set

U=up "+up "4 tu,, (L.3)

and find, from the recursion relations for u; and the condi-
tion that u, vanish for /> n, a system of equations for (g, u,,
Jj=0,1,...,n), where u, will satisfy the (original) pde. This
system of equations will, in general (depending on the values
of the resonances), be overdetermined. Upon solving this
system, it is found, for those equations considered, the ¢
satisfies an equation formulated in terms of Schwarzian de-
rivatives”:

. = e— | — e — | — . 1.4
{@x] e (%) 3 (%) (1.4)

This equation, or system of equations, we regard as a type of
modified equation. By the invariance of (1.4} under the Moe-
bius group,

p=lay+b)Vicy+d), [px]=I[x), (1.5)

the “modified” equations aliow the Backlund transforma-
tion (1.5).

The above procedure may now be reapplied to the
“modified” (or equivalent) equations to find different forms
of Biacklund transformations. These Backlund transforma.
tions may take the form of discrete symmetries.'*® reduc-
tions,' or, as we shall see, more complicated structures. The
group of Bicklund transformations for the modified equa-
tions may be conveniently employed to iteratively construct
sequences of rational solutions. Also, by linearizing the
Miura transformation from modified to original equation we
propose to calculate the Lax pair.'®

In this paper we consider the Kadomtsev-Petviashvili

© 1965 American institute of Physics 2174
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Periodic fixed points of Backlund transformations and

the Korteweg-de Vries equation

- Lo

John Weiss

Institute for Pure and Applied Physical
Sciences

University of California, San Diego

La Jolla, CA 92093
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Abstract

We present a new method for studying integrable systems based
on the "periodic fixed points' of Backlund transformations. Normally,
the BT maps an '""0ld'" solution into a ''new" solution and requires a known
'seed' solution to get started. Besides this limitation, it can also be
difficul.t to qualitatively classify the result of applying the BT several
times to a known solution. By studying the periodic fixed points of the
BT (regarded as a nonlinear map in a function space), we obtain integrable
systems of equations of finite degree (equal to the order of the fixed point),
and a2 method for the systematic classification of the solutions of the

original system.
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